Abstract. Every finite field of order q(> 3) such that q * 7 (mod 12) and q * 1 (mod 60) contains a pair of consecutive primitive roots.
1. Introduction. For any prime power q, let F denote the finite field of order q. Fq contains <b(q -1) primitive roots, where </> denotes Euler's function. (By definition, a primitive root generates the cyclic multiplicative group of Fq.) Put another way, the proportion of primitive roots among the nonzero members of Fq is 8(q -1), where, for any n, 6(n) is defined to be <b(n)/n.
We denote by C the set of prime powers q for which F contains a primitive root y whose successor y + 1 is also a primitive root. It is easily seen that 2, 3 and 7 are not in C. In this paper we go a considerable way towards proving that every other prime power is in C. More generally, we shall denote by C* the subset of C comprising prime powers q for which, given any a in F , there exists a primitive root y for which y + a is also a primitive root.
By elementary means, E. Vegh [5, 6] has proved the following when q = p, an odd prime.
Theorem A. Suppose p = 1 (mod 4). If also 6(p -,1) > J, then p belongs to C. Theorem B. Suppose p = 11 (mod 12). If also 6(p -1) > j, then p belongs to C.
(Actually, Vegh's statement of Theorem B postulates only p = 3 (mod 4) and p > 3. However, the condition 0(p -1)> \ renders it vacuous when p = 1 (mod 12).) Theorems A and B re-emerge below for general q. More significantly, we show that, except when q = 1 (mod 60) (in Theorem A), Theorems A and B apply irrespective of the value of 0(q -1). In fact, we prove the following result which, in particular, is valid whenever q( > 3) is a power of 2,3 or 5. Theorem 1.1. Let q(> 3) be a prime power such that <? * 7 (mod 12) and q m 1 (mod 60). Then q is in C.
Indeed, for even values of q, it is virtually no more difficult to establish a more general result. It is, of course, evident (see [2] ) that every sufficiently large q is in C (and even in C*). Our method (using elementary estimates for Jacobi sums) demonstrates this in an explicit way. Even in the cases excluded in Theorem 1.1, it provides a test which is inconclusive only in a finite set of values of q which could be listed explicitly. From the evidence on display here and the computations mentioned in [6, §4] it seems reasonable to conjecture that C contains all prime powers except 2,3 and 7.
2. Theoretical estimates. We suppose that a is a nonzero member of F ; from time to time we set a = 1. Let ex and e2 be divisors of q -1. We denote by N(ex, e2) the number of elements £(# 0, -a) in F for which the greatest common divisor (s(£), ex) = 1 and (s(l-+ a), e2) = 1. Here s(£) is the divisor of q -1 for which (q -l)/s(£) is the order (index) of £ in the cyclic group F*. Since our desire is to show that N(q -l,q-1) is positive, we abbreviate this number to N . However, as we now indicate, it is valuable to consider N(ex, e2) in general. Proof. Clearly, the number of £ in Fq for which (s(£), e) = 1 is just the number of integers i (0 < i < q -1) for which (i, e) = 1; namely 0(e)(q -1). (2.1) and (2.2) are clear from this and the fact that, writing Na for N, we have (2.3) Na(ex,e2) = N_a(e2,ex).
For odd values of q, the next result (dealing with ex or e2 = 2) has the important consequence that, for smaller values of q, it is significantly easier to handle the value a = 1 than a general value of a. Nq>{B(q-l)-\)(q-l).
In particular, ifO(q -1) > \, then q e C.
Proof. Put ex = e2 = 2 in Proposition 2.1 and use Proposition 2.3.
Corollary 2.5. Suppose q = 3 (mod4) and q > 3. //a = 1, i/ien
Proof. Put ex = 1 and e2 = 2 in Proposition 2.1 and use (2.2) and (2.4). We now attempt to estimate N(ex, e2) for any a. For any divisor d of q -1, let Zx(mod(i) denote a sum over all 4>(d) multiplicative characters x of F of order d. Then, as in [1, 3] , if e\q -1, £ e F? and p denotes the Möbius function, ftjd)
Defining K(xi, X2) to De £sXi(£)X2(£ + a)^ where Xi and X2 are characters of order dividing ex and e2 respectively, we immediately obtain the following expression for N(ex, e2).
««(*) = 0(e)zZ g §¿ E X(i). We now give our general estimates for N(ex, e2). These involve the function W(n) defined to be the number of square-free divisors of n; thus W(n) = 2u("\ where o>(n) is the number of distinct primes dividing n. Theorem 2.7. Let e = (#,, e,). Then
Indeed, suppose q is odd, a = 1 awd ej aw¿/ e2 are eue«. 77ie« On the other hand, by Proposition 2.6 (2.12)
To estimate the contribution to (2.12) of terms for which X1X2 = Xo> observe that
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Hence, by (2.6) and (2.7)
0(e) which is (2.10) in this case.
For the remaining case of (2.10), we apply Propositions 2.3 and 2.6 in a similar way to the expression N(ex, e2) -6(ex)N(l, e2) -26(e2)N(ex,2) + 20(^)0(^ (1,2) . Proof. By (2.8) and (2.9),
3. Calculations-odd q. With Theorem 1.1 in mind we introduce notation for various subsets of 5a, the set of odd positive integers. Set 2. = {n e 0>; n & 1 (mod3)} and ai = [n <E 0>; n = l (mod 12), n * 1 (mod60)}. Further, for any positive integer r, let 0>r, Str, &r be those subsets of ¡P, â, !%, respectively, comprising integers for which u(n -1) = r. Finally, we let Pr, Qr, Rr be the least integers in It is evident from (3.1) that q g C provided T?(e) > 1 for some even divisor e of q -1. For that follows we observe some useful principles regarding lower bounds for T. First, for fixed u(q -1), Fis an increasing function. Moreover, VQ and VR are increasing functions of r (r > 3). With regard to U, we note that
where e' is the product of the primes in q -1 not in e. It follows from (3.2) that, if the integer n (not necessarily a prime power) is obtained from q by replacing some of the primes in q -1 by smaller primes to yield a number n -1 with u(n -1) = (j¡(q -1) and if e is replaced by e*, the product of the smallest w(e) primes in n -1, then Uq(e) > Un(e*). For example, if q g âr and «(e) = m, then Uq(e) > UQr(Qm -1). We now complete the proof of Theorem 1.1 for odd q. First suppose q G 3.r so that í = 1 in (3.1) and (3.2). If r < 3, then 6(q -1)> 0(Q3 -1) = Ü > ^ and q e C by Corollary 2.5. By Theorem 3.1 we may therefore suppose that 4 ^ r < 13. We also suppose q > n, where « g £>r. For 4 < r < 6 we take e = 2 and use the fact that (3.3) W ^(2)^-^-31)^-Then (3.3) yields lower bounds for T (2) (q > n) as in the following Since Q9 = 2156564411 and 0(ß13 -1) > .2125, this completes the proof for q in J.
We turn our attention now to prime powers q in i%r with the consequence (crucial for smaller values) that t = 2 in (3.2) (for «(e) > 2). If r < 4, then 0(q -l)> 0(462) = ™ > J so that, by Corollary 2.4 and Theorem 3.1, we may assume that 5 « r « 12.
Suppose 5 < r < 8 and q > n G ®r. Then Tq(6) > UR(6)Vn, where y«.<6>-í("-2*¿ríj)-As before, we construct a table of lower bounds for Tq(6) as follows.
. 
